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Liouville canonical form for compatible
nonlocal Poisson brackets of hydrodynamic
type, and integrable hierarchies1
O. I. Mokhov
1 Introduction
In the present paper, we solve the problem of reducing to the simplest and convenient for
our purposes, “canonical” form for an arbitrary pair of compatible nonlocal Poisson brackets
of hydrodynamic type generated by metrics of constant Riemannian curvature (compatible
Mokhov–Ferapontov brackets [1]) in order to get an effective construction of the integrable
hierarchies related to all these compatible Poisson brackets. As was shown in [2], [3] (see
also [4]), compatible Mokhov–Ferapontov brackets are described by a consistent nonlinear
system of equations integrable by the method of inverse scattering problem (the case of flat
metrics see in [5]–[7]). But the problem of an effective construction of the corresponding
integrable hierarchies in this case, what is the main purpose of the present paper, requires
a different approach to the description of these compatible brackets. In this paper, for an
arbitrary solution of the integrable system of equations describing the compatible brackets
under consideration, that is, for an arbitrary pair of these compatible brackets, integrable
bi-Hamiltonian systems of hydrodynamic type possessing this pair of compatible nonlocal
Poisson brackets of hydrodynamic type are constructed in an explicit form. For the case of
the Dubrovin–Novikov brackets [8] (the local Poisson brackets of hydrodynamic type), this
problem was considered and completely solved in the present author’s works [9], [10].
In [1] the nonlocal Poisson brackets of hydrodynamic type which have the following form
(the Mokhov–Ferapontov brackets):
{I, J} =
∫
δI
δui(x)
(
gij(u(x))
d
dx
+ bijk (u(x))u
k
x +Ku
i
x
(
d
dx
)−1
ujx
)
δJ
δuj(x)
dx, (1.1)
where I[u] and J [u] are arbitrary functionals on the space of functions (fields) ui(x), 1 ≤
i ≤ N, of single independent variable x, u = (u1, ..., uN) are local coordinates on a certain
given smooth N -dimensional manifold M , the coefficients gij(u) and bijk (u) of the bracket
(1.1) are smooth functions of local coordinates, K is an arbitrary constant, were introduced
and studied.
1This work was supported by the Alexander von Humboldt Foundation (Germany), the Russian Foun-
dation for Basic Research (grant No. 99–01–00010) and the INTAS (grant No. 99–1782).
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The form of bracket (1.1) is invariant with respect to local changes of coordinates. A
bracket of the form (1.1) is called nondegenerate if det(gij(u)) 6≡ 0. If det(gij(u)) 6≡ 0, then
bracket (1.1) is a Poisson bracket if and only if gij(u) is an arbitrary pseudo-Riemannian
contravariant metric of constant Riemannian curvature K, bijk (u) = −g
is(u)Γjsk(u), where
Γjsk(u) is the Riemannian connection generated by the metric g
ij(u) (the Levi–Civita con-
nection) [1] (note that the coefficients gij(u) and bijk (u) of bracket (1.1) are transformed
as corresponding differential-geometric objects under local changes of coordinates: a con-
travariant metric gij(u) and a contravariant connection bijk (u) = −g
is(u)Γjsk(u) respectively,
K is an invariant). For K = 0 we have the local Poisson brackets of hydrodynamic type
(the Dubrovin–Novikov brackets [8]).
Recall that Poisson brackets are called compatible if their arbitrary linear combination
is also a Poisson bracket (Magri, [11]).
2 Compatible nonlocal Poisson brackets
of hydrodynamic type
Lemma 2.1 In the classification problem for an arbitrary pair of compatible nonlocal Pois-
son brackets of the form (1.1), one can always consider one of the Poisson brackets as local
without loss of generality.
Actually, if two compatible nonlocal Poisson brackets of the form (1.1) {I, J}0 (with
a corresponding constant K0 in the nonlocal term) and {I, J}1 (with a constant K1) are
linear independent, then in the pencil of these Poisson brackets, that is, among the Poisson
brackets λ0{I, J}0+λ1{I, J}1, where λ0 and λ1 are arbitrary constants, there is necessarily
a nonzero local Poisson bracket (for this bracket λ0K0 + λ1K1 = 0), which can be taken as
one of the generators for all the considered pencil of compatible Poisson brackets.
Consider the problem of compatibility for a pair of nonlocal and local Poisson brackets
of hydrodynamic type
{I, J}1 =
∫
δI
δui(x)
(
g
ij
1 (u(x))
d
dx
+ bij1,k(u(x))u
k
x +K1u
i
x
(
d
dx
)−1
ujx
)
δJ
δuj(x)
dx (2.1)
and
{I, J}2 =
∫
δI
δui(x)
(
g
ij
2 (u(x))
d
dx
+ bij2,k(u(x))u
k
x
)
δJ
δuj(x)
dx, (2.2)
that is, the condition that for any constant λ the bracket
{I, J} = {I, J}1 + λ{I, J}2 (2.3)
is a Poisson bracket (a pencil of Poisson brackets).
We assume further that the local bracket {I, J}2 is nondegenerate, that is, det g
ij
2 (u) 6≡ 0,
but we do not impose any additional conditions on the bracket {I, J}1, that is, generally
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speaking, it may be degenerate. The bracket (2.3) can be degenerate, therefore we need
general relations for coefficients of an arbitrary bracket of the form (1.1) which are equivalent
to the condition that the bracket (1.1) is a Poisson bracket. These general relations (without
the assumption of nondegeneracy) were obtained in the present author’s work [12] (see also
[13]):
gij(u) = gji(u), (2.4)
∂gij
∂uk
= bijk (u) + b
ji
k (u), (2.5)
gis(u)bjrs (u) = g
js(u)birs (u), (2.6)
gis(u)
(
∂bjrs
∂uk
−
∂b
jr
k
∂us
)
+ bijs (u)b
sr
k (u)− b
ir
s (u)b
sj
k (u) = K(g
ir(u)δjk − g
ij(u)δrk), (2.7)
∑
(i,j,r)
[
bsip (u)
(
∂b
jr
k
∂us
−
∂bjrs
∂uk
)
+K(bijk (u)− b
ji
k (u))δ
r
p+
bsik (u)
(
∂bjrp
∂us
−
∂bjrs
∂up
)
+K(bijp (u)− b
ji
p (u))δ
r
k
]
= 0, (2.8)
where
∑
(i,j,r) means summation over all cyclic permutations of the indices i, j, r.
3 Canonical form for compatible pairs of brackets
According to the Dubrovin–Novikov theorem [8], for any nondegenerate local Poisson bracket
of hydrodynamic type {I, J}2, there always exist local coordinates u
1, ..., uN (flat coordi-
nates of the metric gij2 (u)) in which this bracket is constant, that is, g
ij
2 (u) = η
ij = const,
b
ij
2,k(u) = Γ
i
2,jk(u) = 0. Thus we can choose flat coordinates of the metric g
ij
2 (u) and further
on consider that the Poisson bracket {I, J}2 is constant and has the form
{I, J}2 =
∫
δI
δui(x)
ηij
d
dx
δJ
δuj(x)
dx, (3.1)
where ηij = ηji, ηij = const, det ηij 6= 0, ηisηsj = δ
i
j . In the sequel, in the considered flat
coordinates, we shall also use the covariant metric ηij which is inverse to the contravariant
metric ηij .
Theorem 3.1 An arbitrary nonlocal Poisson bracket {I, J}1 of the form (2.1) (may be
degenerate) is compatible with the constant Poisson bracket (3.1) if and only if it has the
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form
{I, J}1 =
∫
δI
δui(x)
([
ηis
∂Hj
∂us
+ ηjs
∂Hi
∂us
−K1u
iuj
]
d
dx
+
[
ηis
∂2Hj
∂us∂uk
−K1δ
i
ku
j
]
ukx +K1u
i
x
(
d
dx
)−1
ujx
)
δJ
δuj(x)
dx, (3.2)
where Hi(u), 1 ≤ i ≤ N, are smooth functions defined in a certain domain of local coordi-
nates.
In the flat case of compatible Dubrovin–Novikov brackets (K1 = 0), the corresponding,
necessary for our purposes, statement was formulated by the present author in [14], [15] (see
also the conditions on flat pencils of metrics in [16]).
Proof. It follows from relations (2.4)–(2.8) that, in the considered local coordinates, the
conditions of compatibility for the Poisson brackets {I, J}1 and {I, J}2 or, in other words,
the conditions that the bracket
{I, J} =
∫
δI
δui(x)
(
(gij1 (u(x)) + λη
ij)
d
dx
+
b
ij
1,k(u(x))u
k
x +K1u
i
x
(
d
dx
)−1
ujx
)
δJ
δuj(x)
dx (3.3)
is a Poisson bracket for all values of the parameter λ have the form
ηisb
jr
1,s(u) = η
jsbir1,s(u), (3.4)
∂b
jr
1,s
∂uk
−
∂b
jr
1,k
∂us
= K1(δ
r
sδ
j
k − δ
j
sδ
r
k). (3.5)
Let us define the functions Aijk (u) by the relations
A
ij
k (u) = b
ij
1,k(u)−K1δ
j
ku
i. (3.6)
It follows from formula (3.5) that
∂Ajrs
∂uk
−
∂A
jr
k
∂us
= 0,
that is, by the Poincare´ lemma, there locally exist functions P ij(u) such that
A
ij
k (u) =
∂P ij
∂uk
,
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and we derive from (3.6) a necessary expression for the coefficient bij1,k(u):
b
ij
1,k(u) =
∂P ij
∂uk
+K1δ
j
ku
i.
Let us find the corresponding expression for the metric gij1 (u). From relation (2.5), for the
Poisson bracket {I, J}1, we have
∂g
ij
1
∂uk
=
∂P ij
∂uk
+
∂P ji
∂uk
+K1δ
j
ku
i +K1δ
i
ku
j
and, consequently, taking into account relation (2.4), we get
g
ij
1 (u) = P
ij(u) + P ji(u) +K1u
iuj + cij , cij = const, cij = cji.
Thus it is proved that the coefficients of the Poisson bracket {I, J}1 have the so-called
Liouville form (see about the important Liouville property more in detail below):
g
ij
1 (u) = R
ij(u) +Rji(u) +K1u
iuj ,
b
ij
1,k(u) =
∂Rij
∂uk
+K1u
iδ
j
k,
where
Rij(u) = P ij(u) +
1
2
cij .
Moreover, from relation (3.4) we get additionally
ηpjb
jr
1,l(u) = ηlib
ir
1,p(u),
that is,
∂(ηpsR
sr(u))
∂ul
+K1ηpsu
sδrl =
∂(ηlsR
sr(u))
∂up
+K1ηlsu
sδrp.
The last formula is equivalent to the relation
∂(ηpsR
sr(u) +K1ηpsu
sur)
∂ul
=
∂(ηlsR
sr(u) +K1ηlsu
sur)
∂up
.
Consequently, by the Poincare´ lemma, there locally exist functions Hr(u) such that
ηpsR
sr(u) +K1ηpsu
sur =
∂Hr
∂up
.
Thus, it is proved that
Rsr(u) = ηsp
∂Hr
∂up
−K1u
sur,
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and the coefficients of the Poisson bracket {I, J}1 have the form:
g
ij
1 (u) = η
is ∂H
j
∂us
+ ηjs
∂Hi
∂us
−K1u
iuj , (3.7)
b
ij
1,k(u) = η
is ∂
2Hj
∂us∂uk
−K1δ
i
ku
j . (3.8)
Since in this case, as is easy to check, all the relations of compatibility (3.4) and (3.5)
are satisfied, theorem 3.1 is proved.
4 Integrable equations for canonical
compatible pairs of brackets
Theorem 4.1 An arbitrary nonlocal bracket of the form (3.2) (may be degenerate) is a
Poisson bracket if and only if the following equations are satisfied:
∂2Hi
∂uk∂us
ηsp
∂2Hj
∂up∂ul
=
∂2Hj
∂uk∂us
ηsp
∂2Hi
∂up∂ul
, (4.1)
(
ηir
∂Hs
∂ur
+ ηsr
∂Hi
∂ur
−K1u
ius
)
ηjp
∂2Hk
∂up∂us
=(
ηjr
∂Hs
∂ur
+ ηsr
∂Hj
∂ur
−K1u
jus
)
ηip
∂2Hk
∂up∂us
. (4.2)
In the flat case (K1 = 0), the corresponding theorem was stated by the present author in
[15], where was also stated the conjecture on the integrability of the corresponding system
(4.1), (4.2) (see also the conditions on the flat pencils of metrics in [16]).
For every nonlocal bracket of the form (3.2) relations (2.4), (2.5), (2.8) are satisfied
identically. Relation (2.7) takes the form
b
ij
1,s(u)b
sr
1,k(u) = b
ir
1,s(u)b
sj
1,k(u) (4.3)
that gives the equations(
ηip
∂2Hj
∂up∂us
−K1δ
i
su
j
)(
ηsl
∂2Hr
∂ul∂uk
−K1δ
s
ku
r
)
=(
ηip
∂2Hr
∂up∂us
−K1δ
i
su
r
)(
ηsl
∂2Hj
∂ul∂uk
−K1δ
s
ku
j
)
(4.4)
equivalent to the equations (4.1).
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Relation (2.6) gives the equations(
ηip
∂Hs
∂up
+ ηsp
∂Hi
∂up
−K1u
ius
)(
ηjl
∂2Hr
∂ul∂us
−K1δ
j
su
r
)
=(
ηjp
∂Hs
∂up
+ ηsp
∂Hj
∂up
−K1u
jus
)(
ηil
∂2Hr
∂ul∂us
−K1δ
i
su
r
)
(4.5)
equivalent to the equations (4.2).
Corollary 4.1 Any linear function Hi = ciku
k + ci, cik = const, c
i = const, is a trivial
solution of the nonlinear system of equations (4.1), (4.2). Thus the bracket
{I, J}1 =
∫
δI
δui(x)
([
ηiscjs + η
jscis −K1u
iuj
] d
dx
−
K1δ
i
ku
j ukx +K1u
i
x
(
d
dx
)−1
ujx
)
δJ
δuj(x)
dx (4.6)
is a Poisson bracket for any constants cik. In particular, for any symmetric constant matrix
(µij), µij = µji, µij = const, the contravariant metric µij − Kuiuj is always a metric
of constant Riemannian curvature K if it is nondegenerate (it is obvious that under the
condition of nondegeneracy for the matrix (µij) this metric is nondegenerate at least for
small ui), and in addition the Levi-Civita connection generated by this metric is defined by
the relation Γijk (u) = (µ
is −Kuius)Γjsk(u) = Kδ
i
ku
j .
Consider the contravariant metric of the form
gij(u) = aiδij −Kuiuj, (4.7)
where ai, 1 ≤ i ≤ N, are arbitrary nonzero constants, so that the metric gij(u) is nonde-
generate. It is easy to prove that
det(gij(u)) = a1 · · · aN
(
1−K
N∑
s=1
(us)2
as
)
. (4.8)
The covariant metric gij(u), which is inverse to the contravariantmetric g
ij(u), gis(u)gsj(u) =
δij , has the form
gij(u) =
1
ai
δij +
Kuiuj
aiaj
(
1−K
∑N
s=1
(us)2
as
) (4.9)
and is a metric of constant Riemannian curvature K for all values of the nonzero constants
ai. The considered local coordinates are geodesic at the point with the coordinates (0, ..., 0)
(ui = 0), but they are not the normal Birkhoff coordinates and even not Riemannian
coordinates.
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Note that the metric gij(u) is nondegenerate if and only if not more than one of N + 1
constants: ai, 1 ≤ i ≤ N, and K, equals to zero. All the formulae are easily adapted for the
case when one of these constants equals to zero. If am = 0, then
det(gij(u)) = −K

∏
s6=m
as

 (um)2. (4.10)
In this case, the components of the covariant metric gij(u) of constant Riemannian curvature
K have the form
gmm(u) = −
1
K(um)2

1−K ∑
s6=m
(us)2
as

 , (4.11)
gim(u) = gmi(u) = −
1
ai
ui
um
, i 6= m, (4.12)
gii(u) =
1
ai
, i 6= m, (4.13)
gij(u) = 0, i 6= j, i 6= m, j 6= m. (4.14)
All these models of the spaces of constant curvature play an important role in the Hamilto-
nian theory of systems of hydrodynamic type. The Mokhov–Ferapontov brackets generated
by the metrics of constant Riemannian curvature (4.7) for ai = εi = ±1 are called in [17]
canonical. The canonical brackets arose naturally also in applications in [18].
Theorem 4.2 ([2], [3]) The system of nonlinear equations (4.1), (4.2) is integrated by the
method of inverse scattering problem.
Note that in [2], [3] the system of nonlinear equations describing the compatible nonlo-
cal Poisson brackets of the form (1.1) in other local coordinates, more convenient for the
integration (in these coordinates, the metrics of both compatible brackets are diagonal), was
derived and integrated.
5 Liouville and special Liouville coordinates
Local coordinates u = (u1, ..., uN ) are called Liouville for an arbitrary Poisson bracket {I, J}
if the functions (the fields) ui(x) are densities of integrals in involution with respect to this
bracket, that is,
{U i, U j} = 0, 1 ≤ i, j ≤ N, (5.1)
where U i =
∫
ui(x)dx, 1 ≤ i ≤ N. In this case the Poisson bracket is also called Liouville
in these coordinates. Liouville coordinates naturally arise and play an essential role in
the Dubrovin–Novikov procedure of averaging of Hamiltonian equations [8]. The physical
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coordinates derived by averaging of the densities of the participating in the Dubrovin–
Novikov procedure N involutive local integrals of an initial Hamiltonian system are always
Liouville for the corresponding averaged bracket. This property was a motivation for the
definition of Liouville coordinates for local Poisson brackets of hydrodynamic type in [8].
For general nonlocal Poisson brackets of hydrodynamic type (the Ferapontov brackets [19],
[20]), Liouville coordinates were introduced in [17].
A nonlocal Poisson bracket of hydrodynamic type (1.1) is Liouville in the local coordi-
nates u = (u1, ..., uN ) if and only if there exists a matrix function Φij(u) such that
b
ij
k (u) =
∂Φij
∂uk
−Kδiku
j. (5.2)
In this case, by virtue of relations (2.4), (2.5), the metric gij(u) must have the form
gij(u) = Φij(u) + Φji(u)−Kuiuj (5.3)
(here the function Φij(u) can be corrected by a constant matrix function cij = const). The
matrix function Φij(u) is called a Liouville function.
Thus a nonlocal Poisson bracket (1.1) is Liouville if it has the form
{I, J} =
∫
δI
δui(x)
((
Φij(u) + Φji(u)−Kuiuj
) d
dx
+
(
∂Φij
∂uk
−Kδiku
j
)
ukx +Ku
i
x
(
d
dx
)−1
ujx
)
δJ
δuj(x)
dx. (5.4)
From theorem 3.1, it follows
Theorem 5.1 Flat coordinates of an arbitrary nondegenerate local Poisson bracket of hy-
drodynamic type {I, J}2 are always Liouville for any nonlocal Poisson bracket {I, J}1 of
the form (1.1) compatible with {I, J}2. Moreover, in addition the corresponding Liouville
function Φij(u) always has the special form
Φij(u) = ηis
∂Hj
∂us
. (5.5)
Local coordinates u = (u1, ..., uN ) are called special Liouville coordinates [15], [21] for an
arbitrary Poisson bracket {I, J} if there exists a nonzero constant symmetric matrix (ηij)
such that the functions (the fields) ui(x), 1 ≤ i ≤ N, and ηiju
i(x)uj(x) are densities of
integrals in involution with respect to this bracket, that is,
{U i, U j} = 0, 1 ≤ i, j ≤ N + 1, (5.6)
where U i =
∫
ui(x)dx, 1 ≤ i ≤ N, UN+1 =
∫
ηiju
i(x)uj(x)dx. In this case the Poisson
bracket is also called special Liouville in these coordinates. The special Liouville coordinates
were introduced in [15], [21]. The most important case is the case of nondegenerate matrix
ηij .
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Theorem 5.2 An arbitrary nonlocal Poisson bracket of the form (1.1) is special Liouville
in the local coordinates u = (u1, ..., uN ) if and only if it is Liouville with a special Liouville
function Φij(u) such that
ηksΦ
sj(u) =
∂Hj
∂uk
. (5.7)
In this case, for a nondegenerate matrix (ηij), we get exactly our bracket (3.2) from the
canonical compatible pair.
Thus our problem on compatible nonlocal Poisson brackets of hydrodynamic type is
equivalent to the problem of classification of the special Liouville coordinates for nonlocal
Poisson brackets of hydrodynamic type.
Theorem 5.3 An arbitrary nonlocal Poisson bracket of hydrodynamic type of the form (1.1)
is compatible with the constant Poisson bracket (3.1) if and only if the functions ui(x),
1 ≤ i ≤ N, and ηiju
i(x)uj(x), ηisηsj = δ
i
j , are densities of integrals in involution with
respect to the Poisson bracket (1.1).
Note that ui(x), 1 ≤ i ≤ N, are the densities of the annihilators of the bracket (3.1),
and 12ηiju
i(x)uj(x) is the density of the momentum of the bracket (3.1).
Theorem 5.4 An arbitrary nonlocal Poisson bracket of hydrodynamic type of the form (1.1)
is compatible with an arbitrary nondegenerate local Poisson bracket of hydrodynamic type
(2.2) if and only if N annihilators and the momentum of the bracket (2.2) are integrals in
involution with respect to the Poisson bracket (1.1).
6 Integrable bi-Hamiltonian systems
of hydrodynamic type
Consider an arbitrary pair of compatible nonlocal Hamiltonian operators of hydrodynamic
type P ij1 and P
ij
2 generated by metrics of constant Riemannian curvature. As is shown above
in lemma 2.1, one of these operators, let us assume P ij2 , can be considered as local without
loss of generality. If the local Hamiltonian operator P ij2 is nondegenerate, then it follows
from theorem 3.1 that, by local change of coordinates, the pair of compatible Hamiltonian
operators P ij1 and P
ij
2 can be reduced to the following canonical form:
P
ij
2 [v(x)] = η
ij d
dx
, (6.1)
P
ij
1 [v(x)] =
(
ηis
∂hj
∂vs
+ ηjs
∂hi
∂vs
−Kvivj
)
d
dx
+
(
ηis
∂2hj
∂vs∂vk
−Kδikv
j
)
vkx+Kv
i
x
(
d
dx
)−1
vjx,
(6.2)
where (ηij) is an arbitrary nondegenerate constant symmetric matrix: det(ηij) 6= 0, ηij =
const, ηij = ηji; K is an arbitrary constant; hi(v), 1 ≤ i ≤ N, are smooth functions defined
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in a certain domain of local coordinates and such that the operator (6.2) is Hamiltonian,
that is, the functions hi(v) satisfy to the integrable equations (4.1), (4.2) (see theorems 4.1
and 4.2 above).
Remark 6.1 It is obvious that here we can always consider that ηij = εiδij , εi = 1 for i ≤ p,
εi = −1 for i > p, where p is the positive index of inertia of the metric, 0 ≤ p ≤ N , and,
in addition, it is necessary to classify the Hamiltonian operators (6.2) with respect to the
action of the group of motions for the corresponding N -dimensional pseudo-Euclidean space
RNp , but for our purposes it is sufficient (and more convenient) to use the indicated above
representation for canonical compatible pair (“conventionally canonical” representation).
Consider the recursion operator generated by canonical compatible Hamiltonian opera-
tors (6.1), (6.2):
Ril [v(x)] =
[
P1[v(x)] (P2[v(x)])
−1
]i
l
=
((
ηis
∂hj
∂vs
+ ηjs
∂hi
∂vs
−Kvivj
)
d
dx
+
(
ηis
∂2hj
∂vs∂vk
−Kδikv
j
)
vkx +Kv
i
x
(
d
dx
)−1
vjx
)
ηjl
(
d
dx
)−1
(6.3)
(what about recursion operators generated by pairs of compatible Hamiltonian operators,
see [22]–[26], [13]).
Let us apply the derived recursion operator (6.3) to the system of translations with
respect to x, that is, the system of hydrodynamic type
vit = v
i
x, (6.4)
which is, obviously, Hamiltonian with the Hamiltonian operator (6.1):
vit = v
i
x ≡ P
ij
2
δH
δvj(x)
, H =
1
2
∫
ηjlv
j(x)vl(x)dx. (6.5)
Any system from the hierarchy
vitn = (R
n)ij v
j
x, n ∈ Z, (6.6)
is a multi-Hamiltonian integrable system.
In particular, any system of the form
vit1 = R
i
jv
j
x, (6.7)
that is, the system of hydrodynamic type
vit1 =
((
ηis
∂hj
∂vs
+ ηjs
∂hi
∂vs
−Kvivj
)
d
dx
+
(
ηis
∂2hj
∂vs∂vk
−Kδikv
j
)
vkx+
11
Kvix
(
d
dx
)−1
vjx
)
ηjlv
l ≡
(
ηis
∂hj
∂vs
ηjk +
∂hi
∂vk
+ ηisηjl
∂2hj
∂vs∂vk
vl −Kηskv
ivs−
K
2
δikηslv
svl
)
vkx ≡
(
hi(v) + ηis
∂hj
∂vs
ηjlv
l −
K
2
ηskv
ivsvk
)
x
, (6.8)
where hi(v), 1 ≤ i ≤ N, is an arbitrary solution of the integrable system (4.1), (4.2), is
integrable.
This system of hydrodynamic type is bi-Hamiltonian with the pair of canonical compat-
ible Hamiltonian operators (6.1), (6.2):
vit1 =
((
ηis
∂hj
∂vs
+ ηjs
∂hi
∂vs
−Kvivj
)
d
dx
+
(
ηis
∂2hj
∂vs∂vk
−Kδikv
j
)
vkx+
Kvix
(
d
dx
)−1
vjx
)
δH1
δvj(x)
, H1 =
1
2
∫
ηjlv
j(x)vl(x)dx, (6.9)
vit1 = η
ij d
dx
δH2
δvj(x)
, H2 =
∫ (
ηjkh
k(v(x))vj(x) −
K
8
ηjkηslv
jvkvsvl
)
dx. (6.10)
The next system in the hierarchy (6.6) (for n = 2) is the integrable system of hydrody-
namic type
vit2 =
((
ηis
∂hj
∂vs
+ ηjs
∂hi
∂vs
−Kvivj
)
d
dx
+
(
ηis
∂2hj
∂vs∂vk
−Kδikv
j
)
vkx+
Kvix
(
d
dx
)−1
vjx
)
ηjl
(
hl(v) + ηlp
∂hr
∂vp
ηrqv
q −
K
2
ηprv
lvpvr
)
≡
((
ηis
∂hj
∂vs
+ ηjs
∂hi
∂vs
−Kvivj
)(
ηjl
∂hl
∂vk
+ ηrk
∂hr
∂vj
+ ηrqv
q ∂
2hr
∂vj∂vk
−
Kηjlηpkv
lvp −
K
2
ηjkηplv
lvp
)
+
(
ηis
∂2hj
∂vs∂vk
−Kδikv
j
)(
ηjlh
l(v)+
ηrqv
q ∂h
r
∂vj
−
K
2
ηjlηprv
lvpvr
)
+Kδik
(
ηjlh
l(v)vj −
K
8
ηjlηprv
jvlvpvr
))
vkx.(6.11)
Even the trivial, linear with respect to the fields vi(x), solutions of the system (4.1), (4.2)
generate nontrivial integrable systems of hydrodynamic type. All the results presented in
this work are generalized directly to the important case of general nonlocal Poisson brack-
ets of hydrodynamic type (the Ferapontov brackets [19], [20]), although the corresponding
formulae become considerably more cumbersome and less effective. These results will be
published in another paper.
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